We discuss the modulus stabilization by the Casimir energy and various effects of IR-brane kinetic terms for the gauge fields in a gauge-Higgs unification model in the warped spacetime, where the Wilson line phase θ H is determined as θ H = π/2.
Introduction
The gauge-Higgs unification scenario is an interesting candidate for the physics beyond the standard model, which was originally proposed in Refs. [1, 2] and revived by Refs. [3, 4] as a solution to the hierarchy problem. In this class of models, the Higgs mass is protected against large radiative corrections thanks to a higher-dimensional gauge symmetry [5] . Since the Higgs field is identified with an extra-dimensional component of a higherdimensional gauge field, this class of models do not require any elementary scalar fields, which often cause a hierarchy problem due to large radiative corrections to their masses.
The gauge-Higgs unification has been first investigated in the flat spacetime [6, 7] .
These models have common features that the physical Higgs boson and the Kaluza-Klein (KK) excitation modes become too light to satisfy the experimental bounds unless the Wilson line phase θ H along the extra dimension takes a very small value. Besides, the large top quark mass is not realized in simple models although there is an elaborate way to realize it.
1 These difficulties are easily solved in the Randall-Sundrum warped spacetime [9] . The
Higgs and KK masses are enhanced by a logarithm of the large warp factor [10] , and the top quark mass can easily be realized only by the localization of the mode functions in the extra dimension [11] . Furthermore, the gauge-Higgs unification in the warped spacetime has phenomenologically interesting features [11] - [15] . Hence, we will focus on the RandallSundrum spacetime as a background geometry in this paper.
When we discuss extra-dimensional models, the stabilization mechanism for the size of the extra dimension, which is often called the modulus or the radion, must be considered.
One of the simplest mechanisms for the modulus stabilization is proposed in Ref. [16] . A five-dimensional (5D) bulk scalar field plays an essential role for the stabilization in this mechanism. Thus it spoils one of the virtues of the gauge-Higgs unification, i.e., no need to introduce an elementary scalar field. There is another way for the modulus stabilization by using the Casimir energy of the bulk fields. The stability by the Casimir energy has been discussed in many papers [17] - [20] , and it has been shown that the bulk gauge field can provide a significant contribution to the effective potential [21] . Thus this mechanism is expected to be feasible in the gauge-Higgs unification scenario because the bulk gauge fields are essential ingredients. Besides, this mechanism does not need any elementary scalar fields. Therefore it is an intriguing subject to discuss the modulus stabilization by the Casimir energy in the gauge-Higgs unification scenario.
However, the authors of Ref. [21] show that the KK tower of a massless gauge boson provides a negative contribution to the radion mass squared. Since a contribution of the gluon KK tower is enhanced by the color factor, the radion tends to be tachyonic and the extra dimension be destabilized. The authors of Ref. [21] also pointed out that a non-tachyonic radion mass can be realized by introducing gauge kinetic terms localized on the IR brane. On the other hand, it is also known that such brane kinetic terms affect relations among various coupling constants and the KK mass spectra in four-dimensional (4D) effective theory. Hence it is expected that the magnitudes of the brane kinetic terms receive some constraints from the current experimental results. It is nontrivial whether the modulus is stabilized or not within the allowed region of the parameter space of a model.
The purpose of this paper is to discuss the modulus stabilization by the Casimir energy in a specific gauge-Higgs unification model in the warped spacetime, including the IR-brane kinetic terms for the gauge fields. We also investigate effects of the brane kinetic terms on the 4D coupling constants and the first KK gluon mass to obtain constraints on the magnitudes of the brane kinetic terms.
The paper is organized as follows. In the next section, we provide a brief review of SO(5) × U(1) X gauge-Higgs unification model, including the IR-brane kinetic terms for the gauge fields. In Sec. 3, the one-loop effective potential for the radion and the Higgs field is shown. In Sec. 4, we calculate the masses of the radion and the Higgs boson in the presence of the brane kinetic terms. In Sec. 5, we discuss effects of the IR-brane kinetic terms on the electroweak gauge couplings of fermions, and the mass of the first KK gluon.
Sec. 6 is devoted to the summary and discussions. We collect functions that determine the mass spectrum in each sector in Appendix A, and provide a brief derivation of the one-loop effective potential in Appendix B.
In this section, we briefly review the SO(5) × U(1) X gauge-Higgs unification model, which was first discussed in Ref. [11] . Several similar models with different matter sectors have been studied so far. Here we consider a model proposed in Ref. [14] as an example.
We consider the 5D gauge theory compactified on an orbifold S 1 /Z 2 . The background metric is given by
where M, N = 0, 1, 2, 3, 4 are 5D indices and η µν = diag(−1, 1, 1, 1). The fundamental
The function e σ(y) is a warp factor, and σ(y) = ky in the fundamental region, where k is the inverse AdS curvature radius. The orbifold has two fixed points y = 0 and y = L, which are called the UV and IR branes, respectively.
Bulk Lagrangian
The model has gauge fields A
(G)
M , A M and B M for SU(3) C , SO(5) and U(1) X , respectively. In this article, we consider 5D fermions Ψ i (i = 1, 2, · · · ) belonging to the vectorial representation of SO (5) as matter fields. The 5D bulk Lagrangian is given by
where G ≡ det(G M N ), Γ N are 5D gamma matrices contracted by the fünfbein,
M N are field strengths for the SU(3) C , SO(5) and U(1) X gauge fields, respectively. The covariant derivative of Ψ i is defined as The orbifold boundary conditions at y 0 ≡ 0 and y 1 ≡ L are given by
Boundary terms
The boundary conditions in (2.4) can be changed by introducing 4D scalar fields localized on the boundaries whose VEVs give brane-localized masses to the 5D fields. 2 Here we introduce a scalar field Φ(x) on the UV brane which belongs to (0, 1 2 ) representation of (2) R and has a charge of U(1) X . Then the SU(2) R ×U(1) X symmetry breaks down to U(1) Y , similar to the Higgs mechanism in the standard model. As a result,
µ acquire large masses at the UV brane. Here
(2.5)
Since the typical energy scale at the UV brane is the Planck scale, it is natural to assume that the VEV of Φ is much larger than the KK mass scale m KK . Then the net effect for low-lying modes is that they effectively obey Dirichlet boundary conditions at the UV brane. Other effects of the introduction of Φ are irrelevant to the physics below m KK .
It is useful to express the SO(5)
is a bidoublet for SU(2) L × SU(2) R , and ψ 5 is a singlet under SU(2) L × SU(2) R . Then the quarks in the third generation, for instance, are composed of two 5D Dirac fermions
and 4D right-handed fermions localized on the UV brane, which belong to the (
The U(1) X charges of Ψ 1 , Ψ 2 ,χ 1R ,χ 2R andχ 3R are 2/3, −1/3, 7/6, 1/6 and −5/6, respectively.
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The symmetry breaking by Φ(x) on the UV brane can also induce the following fermion mass terms localized there.
where √ −g ≡ det(g µν ), g µν is the 4D induced metric on the UV brane. The brane mass parameters µ α (α = 1, 2, 3) andμ have mass dimensions 1/2. In the subsequent discussions, we suppose that they are much larger than m KK . Then the ratioμ/µ 2 becomes the only relevant parameter for physics below m KK . In this paper, we neglect the flavor-mixings in quark and lepton sectors for simplicity. They can always be incorporated by promoting the brane mass parameters to matrices.
Besides the above brane-localized mass terms, there can be brane-localized kinetic terms. 4 As we will mention in the next section, the gauge kinetic terms localized on the IR brane are necessary to stabilize the radion. Thus we introduce the following terms on the IR brane.
where κ c , κ w , κ x are dimensionless constants. For simplicity, we do not consider kinetic terms on the UV brane or brane kinetic terms for the 5D fermions in this paper.
Mass spectrum
Now we calculate the mass spectrum {m n } in the 4D effective theory. It is determined as solutions to the equation, Table 2 in Ref. [22] . 4 Such terms will be generically induced by quantum loop effects of the bulk fields [23] . 
The masses of the top and bottom quarks are obtained as the lowest solutions to ρ 2/3 (λ t ) = 0 and ρ −1/3 (λ b ) = 0, respectively. In the case of M Ψ1 = M Ψ2 which we assume in the following, their approximate expressions are simplified as
where c t ≡ M Ψ1 /k = M Ψ2 /k. The above expressions are valid when c t < 1/2. As we will see in the next section, the effective potential determines θ H = π/2. Then the realistic top quark mass is obtained by choosing c t ≃ 0.43 for e kL = 10 15 and κ w ≪ kL.
Radion-Higgs potential
The one-loop effective potential for the radion and the Higgs field is calculated from the formula (B.9) with (B.10) in Appendix B obtained by the technique in Ref. [18] . Noticing
is exponentially small 6 for w < ∼ O(1) unless β ≃ 0, only the gauge fields (β = 0) and the top and bottom quark multiplets (β = c t −
can contribute to the effective potential V [21] . In other words, only the modes whose mode functions spread over the bulk can give sizable contributions to V . In fact, the contribution of the graviton KK tower is exponentially suppressed because the graviton is localized around the UV brane and β = 1 [18] . Here the orders of the Bessel functions β and γ are determined by the boundary conditions at the UV and IR branes, respectively. 5 The smallest solution to ρ nt (λ) = 0 is λ = 0, which corresponds to the massless photon. 6 The functions I If we introduce the UV-brane kinetic terms, they effectively shift β from zero and make the gauge field contributions negligible. So we do not consider the UV-brane kinetic terms in this paper. Then the effective potential is expressed as the following form.
where dimensionless constants τ UV and τ IR are associated with tensions at the UV and IR branes, and cannot be determined in the context of the 5D field theory. The integrand is
given from (B.10) by
(w)
where the arguments ofF From the stationary condition for kL, we obtain
By means of this equation, we can always choose τ IR so that the potential has a stationary point at a desired value of kL. In fact, a large warp factor e kL = 10 15 is realized by an
From (3.2), we can see that θ H = π/2 always satisfies the stationary condition for θ H .
As shown in Ref. [14] , it is a minimum of the potential along the θ H -direction for relatively large values of the warp factor in the absence of the brane kinetic terms. This is also true for κ c,w,x = 0.
Modulus stabilization
Now we consider the stabilization of the size of the extra dimension. In this section, we assume a value of τ IR so that e kL = 10 15 is a stationary point of the potential along the kLdirection. Then the AdS curvature scale k is determined by k ≃ e kL √ kL + κ w m W / sin θ H , which is obtained from (2.13), and the typical KK mass scale m KK is estimated as
The second derivatives of the potential are given as
In the first equation, we have used (3.3).
Note that there is no radion-Higgs mixing in our model because ∂ kL ∂ θ H V ∝ cos θ H vanishes at θ H = π/2. Thus, the radion mass is calcuated by canonically normalizing the radion kinetic term in the Einstein-Hilbert term as 
we obtain
The Higgs mass is calculated as
Namely, where
is the 4D effective weak gauge coupling.
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In Fig. 1 , we show the radion mass and the Higgs boson mass as functions of the coefficients of the brane kinetic terms κ c,w,x . In the absence of the brane kinetic terms, the radion mass is tachyonic and the modulus is not stabilized. If we turn on them, the radion mass squared monotonically increases as a function of κ c,w,x . Due to the color factor, the gluon provides the largest contribution to the radion mass. In the case of 
Effects of IR-brane kinetic terms
Although the brane kinetic terms for the gauge fields are necessary for the modulus stabilization, large brane kinetic terms can deviate the weak boson couplings to the fermions from the standard model values, as shown in Ref. [24] . This is because they repel the mode functions of the gauge bosons away from the IR brane, where the custodial symmetry SO(4) exists. The Weinberg angle θ W is defined by the ratio of the W and Z bosons as sin
We have used (2.13). The value of s φ , or g A /g B , is determined for given values of κ w and κ x so that the above defined Weinberg angle takes the correct value sin 2 θ W ≃ 0.22.
On the other hand, the Weinberg angle is also defined by the ratio of the gauge couplings of the fermions to the photon and the W boson. For example, let us consider the gauge couplings of the quarks in the first generation. Then
Each coupling constant is given as overlap integral of the relevant mode functions. For example, the electromagnetic coupling constant e is calculated as
The absolute value of the 5D coupling g A is fixed for given values of κ w and κ x so that e takes the observed value. We have used (5.1) in the second equality. From this, we can read off the approximate expression of the weak gauge coupling g 4 shown in (4.8). We do not show the explicit forms of other coupling constants here, but they are obtained from those given in Ref. [22] by modifying the mode functions of the gauge bosons including the brane kinetic terms. In contrast to the standard model, the W boson couplings of the right-handed quarks do not completely vanish although they are negligibly small. Then the Weinberg angle is defined, for example, by and of κ x when κ w = 0 (right figure).
By utilizing (5.1) and (5.3), we can estimate the ρ parameter defined by
In Fig. 2 , we show this as functions of κ w and κ x . Current electroweak data fitting favors the ρ parameter being close to one, i.e., 1.00989 ≤ ρ exp ≤ 1.01026 [25] . Similar to the result in Ref. [24] , the brane kinetic terms for SO(4) ⊂ SO(5) and U(1) X deviate the Weinberg angle in the opposite directions. The former reduces the value of ρ (and thus ϑ W ) while the latter raises them. Therefore there is a parameter region where ρ stays within the experimental error even for large κ w and κ x .
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Since the mode functions of the W and Z bosons are no longer constants after the electroweak symmetry breaking occurs, the universality of the gauge couplings to them is generically violated. As pointed out in Ref. [22] , however, such violation remains less than As mentioned in the previous section, the brane kinetic term for the gluon is necessary to stabilize the modulus. On the other hand, it is well known that such a term lowers the first KK gluon mass m g1 compared to the typical KK scale m KK [24, 26] . Fig. 3 shows m g1 as a function of κ c . The first KK gluon becomes lighter than 600 GeV for κ c > 1. The situation will be improved if we consider models in which smaller values of θ H are realized by changing the matter sector. Such a model is proposed in Ref. [28] , for example.
Then, the KK mass scale raises by a factor of 1/ sin θ H (see (4.1)), and the deviation of each gauge coupling from the standard model becomes smaller than in our model. On the other hand, the modulus stabilization is expected to occur for O(1) values of κ c because a largest contribution to m 2 rad comes from the gluon KK tower, which is independent of the change of the matter sector, unless we consider a model with a large number of exotic fermion fields.
Summary and discussions
We have discussed the modulus stabilization of S 1 /Z 2 by the Casimir energy and effects of IR-brane kinetic terms for the gauge fields in the context of gauge-Higgs unification in the warped spacetime. In the absence of the brane kinetic terms, the modulus is not stabilized due to a large negative contribution of the gluon loop to the radion mass squared m 2 rad . This can be cured by introducing the brane kinetic terms for the gauge fields at the IR brane.
Especially the brane kinetic term for the gluon provides a sizable positive contribution to The IR-brane kinetic terms also affect 4D coupling constants among light modes and the lightest KK masses. The brane kinetic term for SO(4) reduces the ρ parameter and that for U(1) X raises it. Thus the ρ paremeter can remain within the experimental error even for a large value of κ w if κ x takes an appropriate value. The universality violation of the gauge couplings to the W and Z bosons are tiny except for the top quark due to the left-right symmetry SU(2) L × SU(2) R , which is checked in Ref. [22] in the case of no brane kinetic terms. We have checked that this is also true in the presence of the IR-brane kinetic terms for the gauge fields. The masses of the lightest KK gauge bosons monotonically decrease as κ c,w,x increase. In fact, in the parameter region that ensures the modulus stabilization, the KK gluon with the mass m g1 < ∼ 1 TeV appears, which marginally satisfies the experimental bound m g1 > ∼ 800 − 900 GeV [26, 27] . The allowed parameter region will be enlarged if we consider models in which smaller values of θ H are realized, just like a model in Ref. [28] . In such models, the KK modes become heavier and the deviation of each gauge coupling from the standard model is smaller than in our model, while the modulus is stabilized for O(1) values of κ c . We should also note that the radion is mixed with the Higgs boson when θ H = π/2. In addition, the IR-brane kinetic terms also affect the violation scale of the tree-level unitarity. One of the authors showed that, in the absence of the brane kinetic terms, the tree-level unitarity will be violated around the KK mass scale in a gauge-Higgs unification model in the warped spacetime, irrespective of the values of θ H [29] . This means that the perturbative calculation will no longer be reliable when the KK modes start to propagate. Inclusion of the IR-brane kinetic terms may delay the unitarity violation to higher energy scales, just like in the 5D Higgsless model [24] . We will discuss these issues in a subsequent paper.
A Mass spectrum
Here we collect the expressions of the functions ρ I (λ) that determine the mass spectrum by (2.12) in our model. These functions are written in terms of functions defined by
where z L ≡ e kL , and
For a calculation of the effective potential, we also definê
where
Then the following relation holds.
The asymptotic behavior ofF κ α,β (w) for Re w ≫ 1 iŝ
For the gauge bosons, ρ I (λ) are given by Gluon sector
Especially, when κ w = κ x , the function ρ nt (λ) can be factorized as ρ γ (λ)ρ Z (λ), and the corresponding KK tower is decomposed into the following two sectors.
Photon sector
For quarks, there are four sectors according to the U(1) EM charge Q EM .
(A.15)
Here we have assumed that the two 5-plet fermions in each generation have a common bulk mass, i.e., c ≡ M Ψ1 /k = M Ψ2 /k, and all the brane mass parameters are assumed to be sufficiently large.
The lepton sector has a similar structure to the quark sector. (See Ref. [22] .)
B One-loop effective potential
Here we derive the effective potential for the radion and the Higgs field at one-loop level.
By using the dimensional regularization, it is calculated as
where D = 4 + ǫ, η I = 0 (1/2) for bosons (fermions), N I is a number of degrees of freedom for a particle in sector I. The KK mass eigenvalues m In are solutions to
where λ In ≡ m In /k, and the functions ρ I (u) are listed in Appendix A. These masses depend on θ H and the warp factor z L = e kL .
Here let us define a generalized zeta function aŝ
This is well-defined for Re D < −1. Following the technique of Ref. [18] , this is analytically continued to the region Re D < 1 and can be traded for the following integral. .
(B.7)
Thus we can define K I (w) and I I (w), which are products of e −iαπ K α (w) and e iβπ I κ β (w) respectively, so that ρ 0I (iw)/K I (w)I I (wz L ) becomes a product of 1 − e i(α−β)π Iα(w)K κ β (wz L ) Kα(w)I κ β (wz L )
.
For the neutral sector, we define K nt ≡ Note that the third term in the brace in (B.9) is finite while the others diverge when we set D = 4. The divergent constants τ UV and τ IR can be absorbed in the renormalization of the tensions of the UV and IR branes, respectively. Only the second term of v eff (w; kL, θ H ) in (B.10) has a θ H -dependence, and corresponds to a contribution calculated in Ref. [30] .
